The present paper is devoted to the study of several kernel functions which arise in conformal mapping and in mathematical physics, and to the investigation of some eigenvalue problems related to these kernels. We show that the kernel func- These kernels are found to be related, in the case p = 1, to the eigenfunctions of the extremal problem \ ff^z) 2 dxdy\ P r I / , 1 2 = maximum, w{z) analytic in/),
Jj \w{z)\ J dxdy
introduced by Friedrichs [7] . This eigenvalue problem is shown to be equivalent to two other eigenvalue problems of a quite different character.
Underlying the manipulations is the idea that minimum problems for multiple integrals with differential equations as side conditions, such as those mentioned above, correspond always to boundary value problems of a very simple nature in the theory of partial differential equations. Proofs are carried out in such a way as to yield the existence of the solutions of the related boundary value problems. 1 An application of the theoretical material is made to the case where D is an ellipse. In particular, it is found that the Green's function of a convex clamped plate need not be of one sign.
The partial differential equation.
Let p{z) be a positive continuously differentiable function of x and y in a region containing the plane domain D of finite connectivity and its boundary C. We shall suppose that C consists of n simple closed curves C li *,C n which have continuous curvature. We define Ω to be the We define the kernel function K(z 9 1) of the class Ω by the formula (2)
K (z, t) = Σ Φv(z) ΦΛt) .
Clearly, K{z 9 t) is analytic in z and t, and ( 
3) Φ(z) = ff K(z, t)φ{t) p(t) dσ ,

D
The reproducing property (3) characterizes K(z, t) completely, and therefore the kernel function is independent of the orthonormal system \φ y {z)\. 
we deduce an important extremal property of the function Indeed, f{z) yields the minimum of the norm (1) amongst all functions ςέ£Ω with φ(t) = 1. The minimum value of the norm is K(t, t)"
.
Our main objective is to determine the analytic function K{z, t) from considerations which are independent of orthonormal systems or reproducing and minimum 488 P. R. GARABEDIAN properties, and are based rather upon a Dirichlet boundary value problem. We shall proceed in such a manner that we obtain simultaneously the desired formula for the kernel function and the existence of a solution of the pertinent boundary value problem.
We suppose that w is a point in the exterior B of D. We set
Φi)
z -w in the integral equation (3), and we obtain
Now for w ζlD, we find, by Poisson's equation,
= -TT p(w)K(t,w) .
Cut since K(t f w) is analytic in w 9 this yields for I(w f t) the complex second order partial differential equation
rr r^ i(w, t) = o , »eD.
diϋ p \w) ow
Since /(M;, t) satisfies this partial differential equation, or, rather, system of two partial differential equations, of elliptic type in D, and since the explicit formula (4) holds in B y we are led to attempt to prove that l{w 9 1) is continuous across C and therefore solves the boundary value problem suggested by (4).
We proceed to prove the continuity of I(ιv 7 1) at a point w Q £.C. Since C has continuous curvature, there is a circle Γ lying in D and tangent to C at w 0 . We denote by w a point of Γ on the normal to C through w Q , and we denote by w the inverse of w in the circle Γ. We first show that (6) U{w,w*) = ffK(t,z) 
Taylor's series of powers of ζ in 7 and using polar coordinates and the orthogonality of the sine and cosine functions, we find readily that the latter integral vanishes.
We have, by (6),
The integrand of/' is dominated in D -Γ by an expression Thus we can apply the Lebesgue convergence theorem to the integrals /' and /" to obtain
ρ{z) dσ= 0 .
Since we see from (4) that I(w 9 1) is uniformly continuous for w ζ, B, it is possible to conclude from the special continuity condition (7), in which w and w* are inverse points in Γ, that l{w,t) is, in fact, continuous across C with no restriction.
With these calculations;at hand, we set 
τrp(w) dUJ
ΓSote that since K(w,t) is given in terms of a first derivative of S(w, t), the second order partial differential equation (5) for S becomes the Cauchy-Riemann differential equations for the analytic function K(w,t).
We denote by G{w,t) the Green's function in D of the equation 
It is natural to consider, in addition to K(w 9 1) 9 various other analytic functions in D defined by minimum problems for the norm (1) 
G{w, t) = G(t, v>) .
Thus the Green's function G{w,t) of (9) is, as a function of t, the Green's function of (5). Finally, we have the Green's formula
for the solution of the Dirichlet boundary value problem for (9). Since G{w,z) = 0, z£C, this formula can be written
where s represents the arc length and v the inner normal of C, with a similar formula for the solution of (5).
The general solution u{w) of the elliptic partial differential equation (9) can be obtained directly using the evident connection with the Cauchy-Riemann differential equations. We find
where f{z) and g(w) are arbitrary analytic functions. Note that
p{w)
and note that the expression
is a basic fundamental solution of (9). Each solution of (5) is the complex conjugate of a solution of (9), and thus we have, for the general solution v{w) of (5), 
The classical approach to the equation (9) operate, in a sense, entirely within the family of solutions of (9). Note that the formulation in terms of (1) imposes on p(z) only the conditions of positiveness and continuity, except in the neighborhood of C, where a Lipschitz or Holder condition is necessary for the continuity proof (7).
Let us study a special case of the theory developed so far. Let μ(z) be a function analytic in D + C, and set
The general solution of (9) can now be written
where U(w) is complex and harmonic. Indeed, 
G(w, t) = μ(w)μ(t)g(w, t) .
Thus by (10) the kernel function K(w, t) is given by
where k{w,t) is the kernel function of (1) as a differential
since the weight p(w) = |yu(tt;)| 2 is the Jacobian of the mapping ζ = M(w).
It is of interest to remark at this point that the differential equation (9) with scalar weight p varies as a differential in both arguments.
In closing this section, we call attention to the fact that the Neumann's function of (9) plays no role in the study of the kernel function with a general weight function p(z), although when p(z) is constant on C the problem of determining solutions of (9) in D with prescribed normal derivatives on C has significance.
4. Expansion of Green's function. We turn our attention to the expansion of the Green's function of (9) in terms of an orthonormal system \φy{z)\ complete in Ω. We obtain a construction of G{w 9 t) in terms of the kernel function K(w,t) which is also a proof of the existence of G{w,t). Our expansion formula will yield a number of the more important properties of the Green's function, and the construction will not refer explicitly to behavior on the boundary C of D.
Our procedure is essentially an integration of (10). We consider the integral
By the orthogonality of the sine and cosine functions, it is clear that we can replace the factors (F-MJ)" over D, and therefore we can expand K{z, ζ) in its series form (2) and integrate term by term at will. In particular, we find for w £ B, t £ D :
Now for fixed £ £ Z), one can show that the integral J(w,t) is a continuous function of w across C in a manner essentially identical with that which led to the continuity relation (7). Hence
Recalling the nature of a fundamental solution of (9), we now see that the Green's function G(w, t) can be defined by the formula
G[w, t) =-JJ Jy ---Γ -J(w, t) .
Indeed, this expression satisfies (9) by Poisson's equation, and has zero boundary values by (18). We set In closing this section,we note that for p(z) = 1, G(w,t) -g(w 9 t) is real, and therefore, from (20) and (10),
Hence, in this case, the kernel function has an interpretation in terms of the difference between the Cauchy principal value of an improper integral and the development of the integral in terms of Fourier coefficients.
5 An eigenvalue problem. We consider once more the kernel function K(w, t) associated with a general weight function p(z), and we study for a moment the integral equation
D
Let \ v be an eigenvalue and let φ v {z) be the corresponding eigenfunction of this
The scalar product of φ v with any function φξ^ζl is given by the interesting for- 
we can write this as We take p(z) = 1, and we turn now to a somewhat different eigenvalue problem for which it is known that a complete orthonormal system of eigenfunctions \p v (z)
C Ω exists. The work of Friedrichs [7] gives us, indeed, a complete orthonormal 
DP D
It is interesting that we obtain the existence of the Green's function H(w, ζ) using a norm which depends on only half the number of arbitrary functions involved in the general solution of (30). Also, the connection between extremal functions for the norm (26) and solutions of (30) with simple boundary behavior can be explained by use of the Green's identity jQ -qάp}dσ + Φ\P^ -9^ Jd* = 0, in which we can take, for example, p£Λ and q a solution of (30). We point out that for p(z) = 1, equation (30) is merely the equation of an elastic plate. Thus our method leads to a new [17, 18] discussion of the existence and representation of the solutions of boundary value problems in elasticity. This case has an interesting connection with Friedrichs* eigenfunctions [\p v (z)} 9 discussed in §5. Indeed, setting In particular, for the interior of an ellipse the φ v {z) are the Chebyshev polynomials of second kind [7] and the Green's function H{z 9 t) has an explicit representation (29). Suppose, in fact, that /) is the ellipse
Then we obtain the formula of Erde'lyi and Zaremba: • Λ u-i
The integrals can be reduce^ by using Green's theorem. 7. A numerical example. We add at this point a note concerning the nature of the deflection of the clamped elliptical plate of § 6. It has been conjectured by Hadamard [ll] that the Green's function H{z 9 t) of the elasticity equation in a domain D is positive. This conjecture has the interpretation that when one places a downward point load at t£.D upon an infinitesimally thin elastic plate clamped at C 9 the resulting deflection H(z,t) at zζlD is always directed downward, with the load. Duffin has shown that H(z, t) can become negative when Ό is an infinite strip, while Loewner and Szegδ have exhibited bounded regions for which the conjecture is untrue, although these regions are not convex. The statement is true for a circle.
We discuss here an ellipse for which the Green's function can take negative values, and we thus obtain a counterexample even for the case of bounded convex plates, where the conjecture of Hadamard appears to be most plausible. Our procedure provides an illustration of the adaptability of the method of orthogonal functions to computational problems.
Our first remark is that if H(z 9 1) is nonnegative in a domain D 9 then the fourth derivative , t) ' Z > t€Cf must also be nonnegative, where n{z) and n(t) represent the inner normals at z and t on C This result follows immediately from a consideration of the Taylor's series for H(w 9 ζ) about w = z 9 ζ -ί. By the boundary conditions imposed upon H(z 9 t), the second derivatives of H(z 9 t) with respect to the arc lengths s(z) and s(t) at z 9 vanish. Thus we obtain ' 0 an inequality which can be verified by direct calculation. Briefly, the first ten terms of the series (36) 
Thus the Green's function H(z,t) of an ellipse whose major axis is not even twice as long as its minor axis takes negative values when the arguments z and t are sufficiently near the vertices. Therefore to obtain M(z,t) > 0 in this case, we take σ = (1/2) log 2 and prove the elementary inequality > 0 .
Indeed, the first ten terms of this series are Likewise, we leave to the reader a discussion, to be modeled on § 2, of the kernel with energy integral
We show here how the kernel N(z,t) can be constructed in terms of Friedrichs' eigenfunctions {ψ-μiz)}. In §5, we introduced the associated eigenfunctions 
From the general formula
with Ffciz) analytic but unknown, we verify that in the ellipse we have sinh 2σ ^ z r sinh 2 fe σ k
Indeed, this expression vanishes identically on the boundary C of the ellipse. We have discovered, then, a new orthogonality property of the combination
of Chebyshev polynomials in 3W. We now rewrite (40) here to obtain
We remark that differentiation of (41) with respect to t yields an explicit formula for
Taking real and imaginary parts and integrating, respectively, with regard to x and y, we can derive a formula for Δ t H{z,t). Once in possession of this quantity, we can solve the boundary value problem for the elastic plate explicitly by means of the Green's formula. For z = x real, we obtain
(sh 2σchσ ~ 2x 2 shcr) + sh 2feσ + fe sh 2σ
sh (fc ch" 1 t)
(sh 2/eor + k sh Λ -e σ .
9 An inequality. We remark at this point that the application of Green's theorem in § 8 leading to the orthogonality of the functions (43) 77 was not rigorous,since we did not prove that these functions are square integrable over D, We justify the formal manipulations here, thus proving (40) in all detail, and we derive further an extremal property of the eigenfunctions w\p£ + F^' .
We assume, for the sake of simplicity, that D is simply connected, and we assume that C is an analytic curve. We show first that to each square integrable function ψ(z)ζ2Ω there corresponds an analytic function F(z) in D with In order to prove (44), it is evidently sufficient to show that there is a constant B such that dφ dF In summary, we have shown all the following eigenvalue problems to be related. 
